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Mesogenic dimers in the twist-bend nematic phase exhibit much higher flexoelectric polarization
than in their uniform nematic phase. In order to theoretically investigate this data, we extend the
symmetry based linear elastic theory of the twist-bend nematic phase developed in Phys. Rev. E
92, 030501(R) 2015, by including flexoelectricity under the action of an external electric field per-
pendicular to the helical axis. We show that at the nematic towards twist-bend nematic transition,
a new flexoelectric mode becomes active. Consequently, the present model predicts the increase of
the effective flexoelectric coefficient when the system is entering the twist-bend nematic phase. The
influence of the flexoelectric coupling on the equilibrium wavevector and the spontaneous heliconical
tilt angle are investigated. The electroclinic coefficient is calculated. Finally we argue that the helix
could be unwound giving rise to a splay-bend nematic phase.
PACS numbers:
INTRODUCTION
Flexoelectricity was first discussed for crystals by Ko-
gan [1]. In nematic liquid crystals, flexoelectricity de-
scribes the coupling between the nematic director distor-
tions and electric polarization, and it was first discovered
by Meyer [2–6]. In contrast to piezoelectricity, flexoelec-
tricity does not require the lack of inversion symmetry
and therefore the effect is observed both in chiral and in
achiral liquid crystals (LC).
Nematic LCs exhibit long range orientational order
which is characterized by the nematic director n, coincid-
ing with the statistical average of the molecular long axis
for rod-like molecules [7]. The nematic phase is apolar, in
the sense that n is equivalent to −n, and hence the elec-
tric polarization, in the non-deformed state is identically
zero. However when the nematic is distorted, it appears
an electric polarization P proportional to the local de-
formation of the director field, ni,j = ∂ni/∂xj, that is,
Pi = λijknj,k, where λijk are the elements of the flexo-
electric tensor, ni the cartesian components of n, and xj
the cartesian components of the positional vector x [4].
For cholesteric liquid crystals, the application of an
electric field perpendicular to the helix axis leads to the
rotation of the optical axis arising from flexoelectric cou-
pling which is linear in the electric field [8]. Flexoelec-
tricity has been also discovered in the twist-bend ne-
matic (NTB) phase [9, 10]. Recent studies show that the
flexoelectricity in the uniform nematic phase of dimeric
molecules is stronger than in monomeric nematics while
in the NTB-phase of the same compound flexoelectric po-
larization doubles its amplitude [10–12].
Recently we proposed an elastic continuum theory for
the NTB-phase [13] where it was shown that the existence
of a twist-bend deformation in the ground state can be
justified assuming that the elements of symmetry of the
phase are the nematic director n and the helical axis
unitary vector t. Assuming that the twist-bend nematic
phase is not spondaneously ferroelectric, the flexoelec-
tric tensor was calculated in [14]. In the ground state,
the new terms of the flexoelectric tensor, in respect to
the nematic phase, are identically zero [14]. Here we ex-
tend this model to describe flexoelectric polarization of a
twist-bend nematic phase under the action of an electric
field perpendicular to the helix axis. We show that at
the N −NTB transition a new flexoelectric contribution
appears caused by the electric field induced distortion of
the heliconical tilt angle. We calculate the rotation angle
between the optical axis of the structure and the heli-
coidal axis as function of the electric field amplitude and
the effect of this rotation on the twist-bend cone angle
as well as to the wavevector of the structure. Finally, we
discuss some experimental data in respect to our model.
MODEL
The elastic free energy of a twist-bend nematic is char-
acterized by two unitary directors, the nematic director
n and the helix axis t related to the collective twisted
arrangement of the molecules. As shown previously [13],
the free energy density compatible with the symmetry of
the phase, in the absence of an external field, may be
written as
feℓ = f0 −
1
2
η(n · t)2 + κ1 t · [n× (∇× n)] + κ2 n · (∇× n) + κ3(n · t)(∇ · n) +
1
2
K11(∇ · n)
2
2+
1
2
K22 [n · (∇× n)]
2
+
1
2
K33(n×∇× n)
2 − (K22 +K24)∇ · (n∇ · n+ n×∇× n)
+ µ1[t · (n×∇× n)]
2 + ν1[t · ∇(t · n)]
2 + ν2[t · ∇(n · t)(∇ · n)] + ν3[∇(t · n)]
2 + ν4[(t · ∇)n]
2
+ ν5[∇(n · t) · (t · ∇)n] + ν6∇(n · t) · (∇× n).
(1)
where κi, for i = 1, 2, 3, are the elastic constants con-
nected with the spontaneous splay, twist and bend, re-
spectively, K11, K22, K33 and K24 are the Frank elastic
constants [7]. η is a measure of the coupling strength
between the two directors n and t. µ1 and νj , for
j = 1, 2, ..., 6 are elastic constants.
In the NTB phase, the nematic director n forms an
oblique helicoid around the direction t of the helix axis,
with a constant tilt angle θ. By taking t = ez, the ne-
matic director is written as
n = [cosφ(z)ex + sinφ(z)ey] sin θ + cos θez (2)
where φ(z) is the azimuthal angle.
The flexoelectric polarization of the NTB phase gen-
erally includes two contributions. The first one, is the
usual flexoelectric polarization of conventional nematics
and cholesterics
Pn = e1n(∇ · n)− e3n× (∇× n) (3)
where e1 and e3 are the flexoelectric coefficients for splay
and bend respectively [2, 7]. In the NTB ground state the
splay term is identically zero, that is, the spontaneous
flexoelectric polarization has only a bend type contribu-
tion. Nevertheless, under an electric field the NTB helix
is distorted and therefore a non zero splay appears. As
discussed in [14], a second contribution Pt to the flexo-
electric polarization arises from the coupling of the helix
axis t with the nematic director n
Pt = −β1t{t · [n× (∇× n)]}+ β3n[t · ∇(n · t)] (4)
Pt is identically zero in the absence of the NTB cone
distortions. Therefore, the total flexoelectric polarization
Pfl = Pn +Pt, in the absence of distortions, reduces to
Pfl(E = 0) =
qe3
2
sin(2θ)[− sinφ(z)ux+cosφ(z)uy] (5)
and it remains perpendicular both to the nematic direc-
tor and to the helix axis while it rotates along the he-
lix. Nevertheless, the total flexoelectric polarization for
a period along the helix integrates to zero. Therefore,
no macroscopic flexoelectric polarization survives in an
undistorted NTB phase. Finally, the total energy density
of the system, including dielectric coupling, is written as
ftb = feℓ+ffℓ+fdiel = feℓ−E ·Pfl−
1
2
ε0εa (E · n)
2 (6)
where ε0 is the permittivity of the free space and εa is
the local dielectric anisotropy of the liquid crystal com-
pound. For high enough electric field the dielectric term
dominates over the flexoelectric one.
In the following, to favor the flexoelectric torque, we
consider a distorted NTB phase where the distortion is
induced by an electric field in the x−direction perpendic-
ular to the helix axis, E = Eex ⊥ t. As it is well known,
the flexoelectric torque provokes a rotation of the optical
axis N by an angle α in the (y, z) plane and results to
the following expression for the nematic director
n(z) =
 cosφ sin θcosα sinφ sin θ − sinα cos θ
sinα sinφ sin θ + cosα cos θ
 (7)
Using the latter expression for the stressed director, we
calculate after some algebra the mean energy density per
pitch p defined by
< ftb >=
1
p
∫ p
0
ftbdz (8)
Under the usual assumption that φ = qz with q = 2pi/p
the wavevector and p the pitch of the modulation, <
ftb > is given from the following expression
< ftb > = f0 −
1
2
η
(
1
2
sin2 α sin2 θ + cos2 α cos2 θ
)
− κ2q cosα sin
2 θ + ν4q
2 sin2 θ
+
1
4
K˜11q
2 sin2 α sin2 θ
+
1
2
K22q
2 sin2 θ
(
cos2 α sin2 θ +
1
2
sin2 α cos2 θ
)
+
1
2
K33q
2 sin2 θ
(
cos2 α cos2 θ +
1
2
sin2 α sin2 θ
)
+
1
2
µ1q
2 sin2 α sin2 θ
(
cos2 α cos2 θ +
1
4
sin2 α sin2 θ
)
−
1
2
(e11 + β3 − e33) sinα sin
2 θ qE −
1
4
ε0εa E
2 sin2 θ
(9)
where K˜11 = K11+2ν, with ν = ν1+ ν2+ ν3+ ν5. Note
that in < ftb > expression appears a new contribution to
the mean flexoelectric energy term, namely the β3-term
arising from the twist-bend cone distortion by the action
of the electric field, since for α 6= 0 the director acquires a
z-dependence nz = nz(z). The dielectric torque stabilizes
the helix axis for εa < 0. For simplicity, in the subsequent
analysis, we consider a system with εa = 0, that is, the
helix axis orientation is fixed. For the needs of numerical
3analysis we use typical values for the elastic constants
K11 ≃ 8 pN, K22 ≃ 3 pN, K33 ≃ 0.5 pN close to what was
measured for CB7CB [15]. For E = 0, the pitch is taken
p0 ≃ 10 nm [16] and the tilt angle of the undisturbed
helix θ0 ≃ 20
◦.
RESULTS
Minimization of Eqn (9) in respect to the wavevector
q and to the order parameter x = sin2 θ results to the
following expressions for the equilibrium wavevector qα
of the modulation
qα = ±
√
η(2 cos2 α− sin2 α)
Πq
(10)
where ± means that, unlike the case of N*, formation of
NTB does not require molecular chirality thus domains
of left and right chirality coexist. The order parameter
value of the electric field distorted NTB phase at equilib-
rium is
xα =
4qακ2 cosα+ 2qαeefE sinα− 2η(2 cos
2 α− sin2 α)
q2αΠx
(11)
where
Πx = 2(K22 −K33)(2 cos
2 α− sin2 α)
+ µ1 sin
2 α(sin2 α− 4 cos2 α)
Πq = (K˜11 +K22) sin
2 α+ 2K33 cos
2 α+ 4ν4
+ 2µ1 cos
2 α sin2 α
eef = e1 + β3 − e3
These expressions for qα and xα in the presence of
flexoelectricity, generalize Eqn(13-14) of Ref[13]. From
Eqn(11) we infer that the effect of the flexoelectric cou-
pling on the heliconical angle variation for domains with
opposite chirality is the same. For the subsequent anal-
ysis we chose for the chirality the ”+” sign without loss
of generality.
In Figure 1, we show qα = q(α) behavior which exhibits
two regimes depending on the sign of the effective bend
elastic constantK33+2ν4, as it can be analytically shown
by expanding qα up to α
2 terms. This expansion yields
qα = q0
(
1−
Kef +K22 +K33 + 2µ1 + 6ν4
4 (K33 + 2ν4)
α2
)
+ O(3)
(12)
where q0 is the wavevector of the undistorted structure
(in the absence of electric field) and Kef = K˜11 + (1 −
3x)K22+(3x−2)K33 is an effective elastic constant. The
last expression indicates that the wavevector may be re-
duced or increased with the rotation angle α or equiva-
lently with the electric field E, depending mostly on the
sign of the K33 + 2ν4 term.
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FIG. 1: Equilibrium wavevector qα vs optical axis rotation
angle α caused by the flexoelectric coupling. Upper branch
(blue line) where pα ∼ 1/E, for K33 + 2ν4 < 0 and ν4 =
−K22/4. Lower branch (red line) where pα ∼ E, for K33 +
2ν4 > 0 and ν4 = K22/4.
For K33+2ν4 > 0, q decreases with α (lower red curve
in Fig.1) while in the opposite case q increases (upper
blue curve) with α.
In order to obtain the dependance of the rotation angle
α on E, we further minimize the energy in respect to α
and obtain the following expression
eefExα = (2− 3xα) sinα
η
qα
+ 2xακ2 tanα
+ qαxα sinα
{
Kef +
1
2
µ1 [xα + (4− 5xα) cos(2α)]
}
(13)
As expected, when E changes sign then α changes sign
too. The system of Eqs (10, 11, 13) can be resolved both
analytically and numerically to obtain x(α) and E(α).
Nevertheless, the analytical solution is cumbersome and
it is not presented here. Therefore in order to obtain sim-
ple analytic expressions, we introduce the approximation
of small rotation angle. For α << 1 and omitting terms
in O(α2) the above Eqn(13) simplifies to
α =
eefEqαxα
q2αxαK˜ef + 2qαxακ2 + (2 − 3xα)η
(14)
where K˜ef = Kef + 2µ1(1 − x) is an elastic constant.
Note that all bulk elastic constants are present in the
expression of K˜ef . The linear approximation for E(α)
works well for the experimental situation (α ∼ 1◦, [9])
and it starts to deviate from the exact solution for α >∼
10◦.
Expanding Eqn(11) in powers of α with the use of
Eqn(14) we find that the order parameter variation,
δx(α), has no linear term in α. The first non zero term is
the quadratic one δx ∼ α2+. . .. Thus, the tilt angle vari-
ation does not depend on the sign of chirality. In Figure
2 we show the θ(α) dependence. The approximation of
4constant θ = θ0 seems fair for small enough rotations of
the optical axis. For the experimentally observed values
of α [9], corrections are of the order of a few per cent. For
α >> 1◦ the heliconical angle variation becomes large.
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FIG. 2: Equilibrium conical angle θα vs optical axis rotation
angle α induced by a transverse electric field numerically cal-
culated.
In conclusion, for α <∼ 1
◦ one can assume that qα = q0
and xα = x0. Then Eqn(14) further simplifies and can
be cast to the familiar expression for cholesteric liquid
crystals
α =
eflE
q0K(θ0)
(15)
whereK(θ) = K˜ef+2(K22+2ν4)+(K33+2ν4)(−3+2/x)
is a global elastic constant that depends from the set of
elastic constants entering Eqn(9) and on the heliconical
tilt angle. The latter dependence results to a rotation
angle that goes to zero as the heliconical tilt angle van-
ishes.
Finally, we complete the present analysis with the cal-
culation of the characteristic relaxation time τoff for the
linear electrooptic effect. τoff can be calculated by con-
sidering the equilibrium equation of the elastic and vis-
cous torques, that results to the following expression
τoff =
2γ1
K(θ0) sin
2 θ0q20
(16)
where γ1 is the nematic rotational viscosity coefficient.
For θ0 = pi/2, Eqn(15,16) reduce to the corresponding
equations of the cholesteric phase [17].
DISCUSSION & CONCLUSIONS
The above analysis results in some interesting conclu-
sions. First, the sign of the effective bent elastic con-
stant K33+2ν4 results in qualitatively opposite behavior
of the pitch variation caused by the flexoelectric effect.
For K33 + 2ν4 < 0, the pitch decreases with increas-
ing electric field and one retrieves the result for the flex-
oelectric effect in cholesteric liquid crystals [17] where
flexoelectric coupling opposes the effect of dielectric cou-
pling. The same dependence, p ∼ 1/E was shown in
the case of oblique helicoidal structures induced by an
electric field in a cholesteric phase [18]. In the opposite
case for K33 + 2ν4 > 0 where the pitch increases with
the electric field, the flexoelectric effect starts to unwind
the twist-bend helix as in the case of the cholesteric he-
lix unwinding by dielectric coupling [7, 19]. Therefore
one could, in principle, unwound the helix via a transi-
tion towards a distorted nematic phase under field. This
latter nematic should be a distorted splay-bend nematic
since the twist is excluded by the field. Such an nematic
phase was predicted both as a ground state and as a field
stabilized phase in [20–23]. Apparently, a measurement
of the pitch variation sign caused by flexoelectricity will
give information about the sign of the K33 + 2ν4 elastic
constant.
Recently, Balachandran et al [10] experimentally found
for the bimesogenic liquid crystal CB11CB that its flex-
oelectric polarization in the NTB-phase, is at least two
times larger than in its own classical N -phase. Their
measurements gave an effective flexoelectric coefficient
|eef | ∼ 35 pC/m deep in the N -phase. A similar value,
∼ 30 pC/m, was found for CB7CB in [12]. Typically,
|eef | ∼ 1−10 pC/m for rod-like monomesogens [6, 24, 25]
while it can be larger for bent-core mesogenic molecules
[26] and for dimeric rod-like mesogens [10]. In our knowl-
edge, up to now, no model predicts a further increase of
the effective flexoelectric coefficient once a system un-
dergoes the uniaxial nematic to the twist-bend nematic
phase transition. According to our model, the measured
increase of the effective flexoelectric polarization could
be justified by the activation of the β3-mode at the tran-
sition towards the NTB-phase. Concerning the nature of
the β3-term, from Eqn(4) is inferred that it is inherently
related to the formation of the helix and is activated from
gradients, parallel to helix-axis, of the heliconical tilt an-
gle. Therefore the β3-term is not simply related to the
molecular structure of the mesogens but also to the de-
formation of their collective helix geometry.
Finally, we investigate the experimental data for the
flexoelectric effect in CB7CB [9] employing the present
model. Using the reported values for the electric field
E = 25V/µm, rotation angle α ≃ 1.1◦, τ <∼ 1µs [9] and
|eef | ≃ 35 pC/m [10, 12], we find a pitch of ≃ 10 nm close
to the transition temperature for a tilt angle of θ ≃ 12◦ in
5good agreement with the experimentally deduced values
[16]. Note that if the dependence of the elastic constants
on the heliconical tilt angle is not taken into account,
then the predicted value for the pitch is about 2nm.
In conclusion, we demonstrated that in the twist-bend
nematic phase a new contribution to the flexoelectric re-
sponse arises caused by the gradient of the heliconical
angle induced by a transverse to the helical axis electric
field. This new contribution justifies the observed in-
crease of the flexoelectric polarization measured in [10].
We generalized the expression of the optical axis rota-
tion angle for the cholesteric phase in order to take into
account the dependence of the elastic constants on the
heliconical angle. The proposed model gives the correct
value for the heliconical pitch in the NTB-phase. Finally,
an electric field induced splay-bend nematic phase was
predicted.
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